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We use deposition models of kinetic roughening of a growing surface to introduce the concepts of
universality and scaling and to analyze the qualitative and quantitative role of different parameters.
In particular, we focus on two classes of models where the deposition is accompanied by a local
relaxation process within a distance δ. The models are in the Edwards-Wilkinson universality class,
but the role of δ is nontrivial.
I. INTRODUCTION
Kinetic roughening is a widespread phenomenon that
is related to the dynamics of a driven interface in the
presence of noise. The latter makes the interface rough;
that is, the mean square deviation of the interfacial po-
sition diverges at large temporal and spatial scales. Ex-
amples of driven interfaces include flame fronts, wetting
fronts, magnetic domain walls, and the growing front of
a bacterial colony.1–3 In this paper we study the dynam-
ics of the interface between a solid and a vacuum phase
when particles are deposited ballistically onto a growing
surface. Ballistic deposition means that particles arrive
following a straight trajectory, normal to the average ori-
entation of the surface to avoid shadowing effects. This
situation is qualitatively different from a solid phase that
is in contact with a gas phase, because in the latter case
particles undergo a diffusion process, which gives rise to
a nonlocal growth process whose morphology resembles
diffusion limited aggregation.4
To be specific and to keep the notation simple, we con-
sider a one-dimensional discrete interface defined by the
local height hi, where i = 1, . . . , L and hi ≥ 0 are inte-
gers. The roughness W (L, t), which depends on the time
t and the size L of the growing interface, is defined as the
square root of the variance of the height,
W 2(L, t) =
〈
h2 − h2
〉
, (1)
where the horizontal bar means a spatial average, A =
(1/L)
∑L
i=1Ai, and the brackets 〈· · · 〉 denote the average
over noise.
The models of deposition plus relaxation that we will
consider can be summarized by the following algorithm:
1. Choose a random deposition site k between 1 and
L.
2. Apply a relaxation rule to choose the incorporation
site j in the interval [k − δ, k + δ]. Use periodic
boundary conditions such that hj+L = hj.
3. Increment the height of the incorporation site,
hj → hj + 1.
The models to be discussed differ in the relaxation rule
(2) and the value of the interval δ. A random inte-
ger m among M values, m = 1, 2, . . . ,M , is obtained
from a random number generator that returns a ran-
dom real number x in the interval [0, 1) by the relation
m = INT(xM) + 1, where INT means the integer part.
In a deposition model, there are deterministic and ran-
dom ingredients. In this paper the initial configuration is
always a flat surface of zero height, hi(t = 0) = 0 ∀i. Al-
ternatively, we can use an initial surface with some rough-
ness, which could be deterministic (such as a pyramidal
profile) or a surface with some degree of randomness. The
asymptotic form of W (L, t) is independent of the initial
configuration (see the Appendix). It is straightforward
to see that step (1) is random and step (3) is determinis-
tic; step (2) is mainly deterministic, but with a random
component that is necessary (as we will see) to break a
tie without breaking a symmetry.
II. MODELS AND SCALING FUNCTION
We will consider a downward funnelling model and a
minimum model,5 as illustrated in Fig. 1. In the down-
ward funnelling model (DFM) the deposited particle may
reduce its height by moving to a neighboring site for a
maximum of δ hops. If both neighbors of the deposi-
tion site have a lower height, a random choice is made.
In the minimum model (MIN), the particle is incorpo-
rated at the site of minimum height within the interval
[k − δ, k + δ]. For equivalent minima, one site is chosen
at random. We see that step (2) is deterministic and
randomness is invoked when there are equivalent incor-
poration sites.
We highlight in Fig. 2 several general features of the
roughness for the downward funnelling model with δ = 1.
For fixed L, there is an initial temporal regime during
2FIG. 1. Schematic diagrams for the particle movements in
the downward funneling and the minimum models with δ = 1
and δ = 3. Gray particles are newly deposited particles. If
there is more than one arrow from the deposition particle, a
random choice from the incorporation sites is made.
which W (L, t) increases with time t < tßcr, followed by
a second, stationary regime for t > tßcr during which
W (L, t) saturates. The crossover time tßcr increases with
L, and the saturation value increases as well. The log-log
plots in Fig. 2 suggest two power laws, W (L → ∞, t) ≃
tβ and W (L, t → ∞) ≃ Lα, where α is the roughness
exponent and β is the growth exponent. The crossover
time can be derived from the relation tßcrβ ≃ Lα; that is,
tßcr ≃ Lα/β ≡ Lz, which defines the dynamical exponent
z = α/β. From the simulation results we conclude that
αßDF1 ≃ 1
2
, βßDF1 ≃ 1
4
, zßDF1 ≃ 2, (2)
where the subscript DF1 denotes the downward fun-
nelling model with δ = 1.
If we rescale time with respect to the crossover time
and rescale the roughness with respect to its saturation
value, we obtain data collapse because curves for different
values of L now lie on the same curve as shown in Fig. 3.
These results suggest the following scaling form for the
roughness,6–8
W (L, t) = Lαw(t/Lz) (3)
with
w(u) ≃
{
uβ u≪ 1
const. u≫ 1 . (4)
The relation (3) means that if we rescale space by the
factor b, it is possible to rescale time and the height of
the interface so as to preserve Eq. (3). To see this scaling
note that if L → bL, the constancy of the argument of
the function w(u) (necessary because w is not an homo-
geneous function) requires that t→ bzt, and W acquires
the factor bα. According to the definition of the rough-
ness in Eq. (1), this factor is equivalent to rescaling the
height as h→ bαh.
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FIG. 2. The time dependence of W (L, t) for L = 25, 50, 100,
200, 400, 800, 1600, and 3200 for the downward funnelling
model with δ = 1. Increasing values of L correspond to in-
creasing values of W (L, t =∞). The slope of the solid line is
β = 0.25. The inset shows the L dependence of the stationary
values of the roughness Wsat. The slope of the solid line is
α = 0.504. The quantity tßcr is the crossover time between
the power-law regime, W ≃ tβ, and the stationary regime,
W ≃ Lα.
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FIG. 3. Plot of W/Lα against t/Lz for the downward fun-
nelling model with δ = 1 showing data collapse.
The growing interface is therefore self-similar so that if
we do a suitable magnification of a snapshot of the surface
in the stationary regime t ≫ tßcr, the enlarged image is
statistically equivalent to the interface itself. Otherwise,
a suitable magnification of the snapshot is statistically
equivalent to the interface at a different time. The only
condition is that we must consider large temporal and
spatial scales, t, L → ∞, in the same way that scaling
appears near the ferro–paramagnetic phase transition in
the Ising model.9,10
III. UNIVERSALITY
In analogy with continuous thermal phase transitions,
we expect that certain features of the deposition model
are irrelevant; that is, the roughness exponents and the
function w(u) do not change. To check this expectation,
3we plot W/L1/2 as a function of t/L2 for DF1, DF10,
MIN1, and MIN2 (DF10 refers to the DF model with
δ = 10, and similar notation for the MIN models).
FIG. 4. The scaled roughness (W/
√
L) as a function of the
scaled time (t/L2) for different models. Data collapse for the
same model is related to scaling as discussed in Sec. II. The
fact that curves for different models require an additional scal-
ing of the axes by a numerical factor to superpose is related
to universality (see Sec. III), and to nonuniversal features (see
Sec. IV).
The results show that the DFδ and MINδ models have
the same exponents, because after rescaling the four mod-
els we have considered, they exhibit the same initial slope
(therefore the same exponent β) and W/
√
L asymptoti-
cally goes to a constant and therefore they have the same
exponent α = 1/2. The residual differences among mod-
els are non-universal features, which we will discuss in
Sec. IV.
The models we have introduced belong to the same
Edwards-Wilkinson (EW) universality class.8,11,12 Its
large scale properties are described by the homogeneous,
linear stochastic differential equation11
∂th(x, t) = ν∂xxh(x, t) + η(x, t), (5)
where η(x, t) indicates white noise whose properties can
be formally written as
〈η(x, t)〉 = 0 (6a)
〈η(x, t)η(x′, t′)〉 = Γδ(x− x′)δ(t− t′). (6b)
In the Appendix we give a short analytical derivation
of the scaling function and of the roughness exponents
for the Edwards-Wilkinson equation, which are equal to
αßEW =
1
2
, βßEW =
1
4
, zßEW = 2. (7)
Rather than discussing the exact form of the scaling
function, we will consider the Edwards-Wilkinson equa-
tion itself and discuss which features are relevant or ir-
relevant. We first note that the continuum height h(x, t)
in Eq. (5) can be interpreted as the local height with re-
spect to the average height of the interface. A slightly
more general version of Eq. (5) can be obtained by adding
a constant term F to the right-hand side, represent-
ing the average flux of particles arriving at the surface,
while η(x, t) represents its fluctuating part. By redefin-
ing z(x, t) = h(x, t) − Ft we can eliminate the F term,
which is the reason why it is common not to include it.
A second, non-trivial remark is that Eq. (5) has a con-
served form, because ν∂xxh = −∂xJ with J = −ν∂xh,
and has up-down symmetry, because h˜(x, t) = −h(x, t)
satisfies the same Edwards-Wilkinson equation.13 These
two properties are essential for determining what deposi-
tion processes belong to the Edwards-Wilkinson univer-
sality classes: they must conserve matter and volume,
and the up-down symmetry must be conserved. These
properties are worthy of a short comment.
Matter conservation is not broken if, for example, each
surface particle has a constant rate of desorption, be-
cause such a process would simply lead to a redefinition
of the flux F , and therefore of the average growth Ft.
Instead, matter conservation is broken if the deposition
process is accepted or rejected according to the local con-
figuration of the interface. A simple way to implement
non-conservation is to force the restricted solid-on-solid
rule,14,15 according to which |hi+1 − hi| ≤ 1 at all times.
If the deposition of a particle breaks such a rule, a new
deposition site is randomly chosen. We can also have
matter conservation without having volume conservation
because voids or overhangs form during the growth pro-
cess. This [lack of volume conservation is the case for the
ballistic deposition model,14 where a deposited particle
(traveling ballistically in the vertical direction) stops as
soon as it meets the growing interface. In this case the
evolution rules (2) and (3) can be replaced by
hk → max(hk−1, hk + 1, hk+1). (8)
Both non-conserving models (restricted solid-on-solid
and ballistic deposition) belong to a very important, non-
linear universality class called the Kardar-Parisi-Zhang
universality class,16 whose continuum description corre-
sponds to the Edwards-Wilkinson equation with the ad-
dition of a nonconserved term on the right-hand side,
λ(∂xh)
2, which also breaks the up-down symmetry
It might be expected that any deposition model breaks
the up-down symmetry, but that is not so. If hi is inter-
preted as the number of particles in the ith box rather
than as a height and the relaxation process is thought of
as the transfer of particles from a box with many parti-
cles to a neighboring box with fewer particles, then no
up-down symmetry is broken and the transfer process
is immediately recognized to be a diffusion process, and
it is not surprising that it is described by a continuum
diffusion equation.
A final remark about universality concerns the spatial
dimension d. We have discussed the deposition mod-
els with relaxation in one spatial dimension not (only)
because simulations are simpler, but because d = 1 is
the sole integer dimension that provides the simple scal-
ing picture we have described. In the theory of equi-
librium phase transitions a given universality class will
have a lower (dℓ) and an upper (du) critical dimension.
For d < dℓ there is no phase transition and for d > du
4systems are described by mean-field models.17 Fluctua-
tions decrease in importance as the spatial dimension is
increased, and thus the surface becomes less rough with
increasing d, becoming non-rough if d > du (non-rough
means that limt,L→∞W (L, t) is finite). The extension
8,12
to general d of the analytical derivation in the Appendix
shows that dEWℓ = 0 and d
EW
u = 2. For d = 2, W (L, t)
increases logarithmically rather than as a power law, and
for d < dℓ the roughness diverges at increasing times even
for finite L due to a divergence of the local slope of the
interface.
IV. NON-UNIVERSAL PARAMETERS
We now discuss the effect of changing an irrelevant pa-
rameter (δ in our case) or modifying the relaxation rule
while remaining in the same universality class (downward
funnelling rather than MIN). Figures 4 and 5 can be the
starting point of this discussion, because they lead to
qualitative and quantitative conclusions. The qualitative
conclusion is that the relaxation process is more effective
(that is, W is lower) if δ is larger or if we go from the
downward funnelling model to the minimum model. The
quantitative conclusions are twofold: changing δ for the
downward funnelling model by a factor of ten has less
effect that changing δ by a factor of two for the mini-
mum model; also the MIN2 model has important finite
size effects (see Fig. 5) that force us to investigate larger
temporal and spatial scales to attain the scaling regime.
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FIG. 5. The L-dependence of the exponent β for the models,
DF2, DF10 and MIN2. The universal value of β is well defined
for large L. Due to finite size effects, β < 0.25 for small L.
Note that finite size effects are more important for MIN2.
Finite size effects are not so important for the DFδ
models where the model DF10 is only slightly different
from the DF1 model, and it is practically equivalent to
the model DFL (δ = L). This similarity among DFδ
models can be understood from Fig. 6 which shows the
frequency of downward hops of size n = |j − k| for the
DFL model.18 According to Fig. 6, the frequency de-
creases exponentially, fn ≈ e−n/3, making irrelevant the
events for which n is significantly larger than n0 = 3.
Therefore, all DFδ models with δ > n0 are practically
equivalent.
The minimum model has a completely different be-
havior with increasing δ because the deposited particles
search for the lowest height site within a distance δ and
the surface profile between the deposition site k and the
incorporation site j is irrelevant. For any finite δ (more
precisely, for any value of δ that does not scale with
L), the minimum model belongs to the same Edwards-
Wilkinson universality class, but simulations require in-
creasingly larger t and L (and are therefore more com-
putationally demanding) with increasing δ.
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FIG. 6. The discrete probability distribution of downward
hops of size n = |j − k|. The solid line represents the expo-
nential decay of the distribution fn ≈ e−n/3.
We now discuss the effect of the irrelevant quantities (δ
and the relaxation criterion) on the scaling function w(u).
The analytical expression for w(u) (see the Appendix) is
W (L, t) =
√
ΓL
2ν
w
(
νt
L2
)
(9a)
w2(u) =
1
pi
∞∫
π
ds
1− e−2s2u
s2
. (9b)
By using the analytical expression for W (L, t) and
comparing it to the numerical profiles for the roughness
obtained by the simulations, it is possible to extract ν
and Γ for each model19 (see Table I). We then use these
values to rescale the axes and obtain a single scaling curve
for all models belonging to the EW universality class (see
Fig. 7).
The noise appears to depend very weakly on the details
of the relaxation process because its main source is the
noise of the deposition process, which is the same in all
simulations. The variability of µ reflects what we antici-
pated: relaxation is more effective for the MIN model and
within the same model is more effective with increasing
δ. As anticipated,
νßMIN(δ = 2)
νßMIN(δ = 1)
>
νßDF (δ = 10)
νßDF (δ = 1)
. (10)
5Finally, we expect that νßDF (δ = L) ≃ νßDF (δ =
10) ≃ 2.4. As mentioned, if we use the numerical val-
ues of ν and Γ from Table 1 to rescale the roughness, we
obtain a single curve for all models as shown in Fig. 7.
DF
δ ν Γ
1 1.2 1.2
2 2.0 1.3
10 2.4 1.4
MIN
δ ν Γ
1 1.4 1.2
2 6.1 1.3
TABLE I. Estimated values of Γ and ν for different models.
The values are estimated by superposing the curve of Eq. (9)
on the data collapse of Fig. 4.
FIG. 7. Plot of the data collapse for different models. The
solid line represents w(νt/L).
We see that Γ is essentially independent of δ in both
models and νßDF is almost constant for δ > n0 = 3. The
last question is how νßMIN depends on δ. According
to Table I, νßMIN(δ = 2)/νßMIN(δ = 1) ≈ 4, which
suggests the possible scaling νßMIN(δ) = ν0δ
2. In Fig. 8
we test this assumption and find a good collapse for the
curves at δ = 1, 2, and 3.
FIG. 8. The roughness of the minimum models scaled with
respect to L and with respect to δ. The data collapse suggests
that νßMIN(δ) = ν0δ
2.
V. CONCLUSIONS
Our main goal has been to suggest that the kinetic
roughening of deposition models can be studied by stu-
dents with a limited physical and mathematical back-
ground, and that this topic can be a novel way to ap-
proach scaling and universality. We have also discussed
how two relaxation models depend on δ, showing in par-
ticular that
1. The minimum model has important finite size ef-
fects that are already visible for δ = 2. These finite
size effects are due to the fact that νßMIN(δ) in-
creases quadratically with δ, see Fig. 8.
2. The downward funnelling model is well defined for
increasing δ, because the probability fn of n hops
decays exponentially, as seen in Fig. 6.
We conclude by suggesting further directions that
readers might desire to investigate.
1. We propose to investigate the kinetic roughen-
ing process at the upper critical dimension of the
Edwards-Wilkinson universality class, d = dEWu =
2. In this case the roughness increases very slowly
(logarithmically) and it might be necessary to
investigate unusually large temporal and spatial
scales to attain the scaling regime (we have not
checked how large). We suggest using the rule
with the least relaxation, that is, the DF1 model
and with an initially flat surface, as in the simu-
lations we have discussed. The statistical average
over noise does not require special attention.
It may be of interest to point out a different “de-
position with relaxation” model whose upper crit-
ical dimension is du = 1.
8,20 The evolution of the
surface is described by Eq. A.3 with ωq = ν|q| and
scaling in d = 1 is shown in Fig. 1 of Ref. [20]. Note
the log-lin scale of the figure, which should also be
used when studying the DF1 model for d = 2.
2. In addition to the roughness, which is an average
over noise, it would be interesting to study the dis-
tribution of the random variable hi(t) − hi(t). In
a continuum picture we can replace Eq. (A.4) by
Eq. (A.7), obtaining
h(x, t) =
1
2pi
∫
dqeiqx
∫ t
0
dt′η(q, t′)e−ωq(t−t
′), (11)
which shows that the height h(x, t) is a linear com-
bination of independent random variables η(q, t′).
According to the central limit theorem the distri-
bution follows a Gaussian distribution with zero
mean and standard deviation equal to the rough-
ness W (L, t). Is it possible to find numerically the
distribution of h(x, t) − h(x, t) (at fixed t) for the
discrete model?
63. Consider a deposition model for which right-left
(x → −x) symmetry has been broken, by intro-
ducing a probability p 6= 1/2 in the DFδ models.
If the relaxation process consists of reducing the
height by hopping either to the right or to the left,
we can break right-left symmetry by moving to the
right with probability p and to the left with prob-
ability 1 − p. Modify the EW equation by adding
the simplest term that breaks the x → −x sym-
metry without breaking all the other symmetries:
up-down symmetry (h → −h) and translation in-
variance in space (x→ x+x0) and time (t→ t+t0).
Show that a simple Galilean transformation leads
back to the EW equation, without modifying the
roughness exponent. Check this theoretical result
numerically for the most asymmetric case (p = 0
or p = 1).
Appendix: The Edwards-Wilkinson equation
In the following we sketch the derivation of the
Edwards-Wilkinson equation for d = 1. For more details
and for d > 1, see Ref. 12, Sec. 5.6.2.
Because of its linearity we can rewrite the Edwards-
Wilkinson equation (5) as
∂th(x, t) = ν∂xxh(x, t) + η(x, t), (A.1)
We Fourier transform both sides and obtain
∂th(q, t) = −νq2h(q, t) + η(q, t). (A.2)
Equation (A.2) can be solved by multiplying both sides
by eωqt and then integrating:
h(q, t) = h(q, 0)e−ωqt + e−ωqt
∫ t
0
dt′η(q, t′)eωqt
′
, (A.3)
where ωq = νq
2. The first term on the right-hand side is
related to the interface profile at t = 0 and is negligible
for large times. For simplicity we will assume an initial
perfectly flat interface, h(q, 0) = 0, so that
h(q, t) =
∫ t
0
dt′η(q, t′)e−ωq(t−t
′). (A.4)
By using the correlation of noise in Fourier space,
〈η(q, t′)η(q′, t′′)〉 =
∫
dx
∫
dx′e−iq·xe−iq
′·x′〈η(x, t′)η(x′, t′′)〉
(A.5a)
= 2piΓδ(t′ − t′′)δ(q + q′), (A.5b)
we find
〈h(q, t)h(q′, t)〉 = 2piΓ
(
1− e−2ωqt
2ωq
)
δ(q + q′). (A.6)
We then use the inverse Fourier transform,
h(x, t) =
1
2pi
∫
dqeiqxh(q, t), (A.7)
to find that the roughness becomes
W 2(L, t) =
1
(2pi)2
∫
dq
∫
dq′ei(q+q
′)x〈h(q, t)h(q′, t)〉
(A.8)
=
Γ
pi
∫ ∞
π/L
dq
1 − e−2ωqt
2ωq
. (A.9)
We make the change of variables s = Lq and find
W (L, t) =
√
ΓL
2ν
w
(
νt
L2
)
(A.10)
where
w2(u) =
1
pi
∫ ∞
π
ds
1− e−2s2u
s2
. (A.11)
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